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A Nine-Noded Quadratic Control-Volume-Based
Finite Element for Heat Conduction

M.J. Raw,* G.E. Schneider,t and V. Hassanit
University of Waterloo, Waterloo, Ontario, Canada

A control-volume-based finite element formulation is presented for the nine-noded, quadratic, quadrilateral
finite element for application to conduction heat transfer. The formulation is presented with the nine-noded ele-
ment being used rather than the eight-noded element for reasons of convenience of control volume definition.
The quadratic nature of the element in itself offers greater geometric flexibility and the potential for significantly
higher accuracy than does the previous linear control volume element. It was observed that for steady-state con-
duction, the central control volume ‘numerical molecule’ is the optimal, fourth order operator on a uniform
grid; however, due to the large connectivity for the corner control velume, such a ‘molecule’ interpretation is not
readily facilitated. Performance of the element was evaluated through application to two test problems. It was
observed that on the predominantly flux prescribed problem the performance is comparable to that of the
Galerkin formulation. However, for the Dirichlet problem, a reduction of error by two orders of magnitude over

the Galerkin formulation was observed.

Nomenclature

=test case dimensions

= specific heat, or test case dimension
=boundary condition constant
=total control volume energy

=heat transfer coefficient

= unit vectors in x,y directions

= Jacobian of transformation matrix
= coefficient in stiffness matrix
=conductivity in x,y,n, directions
=normal

=shape function

=heat generation per unit volume
=total control volume heat generation rate
=heat flux

=heat flow rate

=right hand side of algebraic equation system
=local coordinate

=surface

=local coordinate or time
=temperature

=volume

= Cartesian coordinates

= density
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Introduction

HE need for discrete methods in the modeling of physical

systems has long been recognized by the engineering and
scientific community. The application of discrete methods to
the solution of physical problems effectively began when
Richardson! presented his paper to the Royal Society. In his
first approximate procedures, his efforts were directed at
determining an approximate representation of the governing
equation, rather than at obtaining an approximation to the
particular balance represented by the equation. Approxima-
tions for derivatives were obtained from truncated Taylor
Series expansions of the dependent variable in the vicinity of
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the point of interest. Consequently, this form of the method
of finite differences has become known as a Taylor Series for-
mulation. While this form of the finite difference method has
historically been restricted to rectangular domains and
meshes, Schneider, Strong and Yovanovich? extended the
method to include applicability to general, orthogonal, cur-
vilinear coordinate systems. More recently, Robertson® ap-
plied the Taylor Series approach to problems involving
general, non-orthogonal, curvilinear coordinate systems.

A control volume approach to the discrete modeling of
physical systems is gaining considerable popularity among
contemporary heat transfer analysts and researchers,*
however, and entails applying an energy balance directly to the
discrete control volumes comprising the domain. Only where
control volume surface fluxes require approximation are
Taylor Series representations employed. As a result of this ap-
proach, the control volume formulations enjoy the desirable
properly of being conservative; that is, the discrete equations
maintain an accurate accounting of the energy flows through
the domain by ensuring that the approximation for these sur-
face fluxes is unique and independent of the side from which
the surface is viewed. This approach has been extended to
general, orthogonal, curvilinear coordinate systems by
Schneider, Strong and Yovanovich,® and, more recently, to
general nonorthogonal, curvilinear coordinate systems by
Zedan and Schneider.b

In the application of the above procedures, however, it is
paramount that the coordinate system be defined over the en-
tire solution domain. Examples of application of these pro-
cedures have been provided for the more exotic orthogonal
systems,?’ analytically defined nonorthogonal coordinate
systems>® and systems obtained as the result of a numerical
coordinate transformation.” The disadvantage of these pro-
cedures is that the coordinate system must be defined, a priori,
over the entire solution domain, and this detracts significantly
from the flexibility of the methods. Finite element methods,
while geometrically flexible, have followed a philosophically
different approach from that followed by finite difference
methods. In stress analysis, a variational extremum principle
can be employed which naturally leads to the formulation of a
discrete model. Conversely, in conduction heat transfer and
convective transport problems such a natural formulation
having a clear physical basis does not exist. Although several
quasi or pseudovariational formulations have been pro-
posed,®*10 the Galerkin method!! is more frequently
employed by contemporary researchers to formulate finite ele-
ment models for heat conduction problems. The resulting
equations, however, are nonconservative in nature, and direct
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control of the energy flow is therefore precluded from the
user. :

Baliga and Patankar,!? through the use of specialized inter-
polation functions, have proposed a control-volume-based
finite element procedure for convection-diffusion problems.
Their procedure, however, is applicable only to linear
triangular elements. More recently, Schneider and Zedan!?
have propsed a control-volume-based finite element method
for conduction heat transfer in which there are no intrinsic
restrictions on element shape or interpolation order. In their
paper, a control volume balance approach was implemented
starting with a single, linear, quadrilateral element comprising
four sub-control-volumes. For each or these sub-control-
volumes, heat flows at their surfaces were defined in order to
effect the energy balance. The internal heat flows were ex-
pressed in terms of nodal temperatures, through the conven-
tional use of shape functions, while external flows were re-
solved through an appropriate assembly rule or through ap-
plication of boundary conditions where appropriate. It was
shown that the resulting ‘numerical molecule’ more closely
reflects the expected physical behavior of the system than does
that resulting from the conventional formulation. The paper
by Schneider and Zedan,?® therefore, has laid the basis for
more extensive application of a control volume formulation of
the finite element equation governing physical systems.

It is the purpose of the present paper, therefore, to start
from the previous work of Schneider and Zedan, and extend
the control-volume-based finite element formulation for con-
duction heat transfer problems to the nine-noded, isopara-
metric, quadratic, quadrilateral finite element. This element
possesses the desirable attribute of greater flexibility in
describing bodies having curved as well as straight boundary
geometrics and also has the potential for enhanced accuracy
due to the quadratic nature of the interpolation. The extension
of control-volume-based finite element principles to this ele-
ment is therefore seen as a significant contribution to the state-
of-the-art of discrete methods. This work is also viewed as a
further step in the continuing evolution towards a marriage
between finite difference and finite element methods in which
the most desirable attributes of each of these methods are re-
tained in their union.

Geometric Preliminaries

A typical problem domain is illustrated in Fig. 1a where it
could be interpreted as a quadrant of a model for determining
the heat loss from a cylindrical flue through a rectangular sec-
tion to an ambient environment. In this application, the use of
quadratic elements will be useful to describe the circular cross-
section of the inner surface. A general quadratic, quadri-
lateral, isoparametric finite element is shown in Fig. 1b where
the location of the nodes, their numbering sequence, and the
local (s,#) coordinate system are shown. The midside and cen-
tral nodes are located at locations corresponding to s=0 or
t=0 as appropriate. The temperature field and the global
coordinates (x,y) are given in conventional form according
to 14

9
T= LN, O
j=1
9
x= Y N @
j=1
9
y= YNy 3)
j=1
where the shape functions, N;, are given by
N, =st(l+s)(1+1)/4 (4a)
Ny=—st(I+s)(I—1t)/4 (4b)
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Fig. 1 Finite element mesh with a) typical grid distribution and b) a
single element.

Ny =st(1—s)(1—t)/4 (4c)
N, = —st(I1—s)(1+1)/4 (4d)
N =s(1+s)(I1+1)(1—1)/2 (4e)
Ny=—t(I+s)(1—s)(I—1)/2 f)
Ny=—s(I-s)(I1+t)(I-1)/2 (4g)
Ny =t(1+s)(I1—s)(1+1)/2 (4h)
Ny=(I1+s)(I=s)(I+1)(I—1) (4i)

From the expression for temperature, Eq. (1), the x and y
derivatives can be determined as

aT 5\ 0N,

—— = T, 5
ox jz::, ax )
aT > 0N,

= T. 6)
dy ,; ay

with the x and y derivatives of the shape functions appearing
in Eqgs. (5) and (6) determined in the usual fashion by

ON; 9y —ay ON;
ox ] at 0s os
aN, Det(J] —ax ox aN,
ay at  ds at

M
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Fig. 2 Surface line segment and normal.

where
Det[J] = — ~—— — — — (3)

Finally, considering the general line segment shown in Fig.
2, being traversed in the direction shown by the arrow, the
outward normal, dS, can be expressed in the form

dS=dyi—dxj )

The outward normal defined in this manner is consistent with
the convention of counter-clockwise surface integration taken
to be positive.

Element Property Equations

Following a procedure analogous to that proposed by
Schneider and Zedan!? for the linear quadrilateral, a single,
isolated, finite element will be first considered. This will per-
mit the element matrix equations, which express the nodal
temperature vs nodal heat flow relationships, to be deter-
mined. The assembly process will then be used to construct the
global equation system from the elemental equations.

To derive the elemental equations, the isolated finite ele-
ment illustrated in Fig. 3 is considered. In this figure, the ele-
ment is subdivided into nine internal control volumes, each of
which can be associated with a corresponding node of the ele-
ment definition vector. Indeed, it is the requirement for sub-
division into internal control volumes that prompts the use of
the nine-noded quadratic element rather than the use of the
more frequently encountered eight-noded quadratic element.
In adopting a control-volume-based formulation, it is neces-
sary to establish these control volumes and their defining sur-
faces. The use of thes nine-noded element provides a con-
venient mechanism to achieve this definition. The conirol
volume surfaces utilized in this paper are delineated by lines of
constant s and ¢ having values of —0.5 and + 0.5 for each. In
this way, nine subcontrol volumes are readily identified, as
shown in the figure, and further, through the above defining
surface selection, the global control volumes, formed as a
result of the assembly process, will be of equal extent, in terms
of their s and ¢ coordinate range and will be of equal size in a
uniform mesh environment. Also, this choice satisfies the
essential requirement that control volume surfaces remain
continuous after assembly.

In words, an energy balance applied to a single control
volume can be expressed as

[Net rate of conduction into control volume]
+ [Rate of generation within control volume]

= [Rate of change of energy within control volume] (10)

Qe2,3

Fig. 3 Single element with control volume subdivision and heat
flows.

Referring specifically to control volume 3 of Fig. 3, this equa-
tion has mathematical representation as

d
Q31073+ Qus+ Qs+ S Spd V=ES SPCTdV an

C.v, C.v.

where the integration limits are those corresponding to the
control volume associated with node 3. The subscripts e/ and
e2 in Eq. (11) refer to energy flows into control volume 3
through surfaces which are on the exterior of the element and
which emanate from either the physical domain boundary or
from adjacent elements, and these energy flows will be con-
sidered when the assembly procedure and boundary condition
application are considered. Further, it is noted that control
volumes 5, 6, 7, and 8 have only one such external heat flow
while control volume 9 has no external heat flows. However,
volumes 5, 6, 7, and 8 have three internal heat flows requiring
evaluation while control volume 9 has the requirement for
four internal heat flow evaluations. Indeed, it is far more con-
venient, from coding considerations, to consider each of the
internal heat flows in turn and their appropriate control
volume contributions than to complete the assembly of any
given control volume. The coding necessary to effect this is
direct and straightforward. In addition, it is noted that many
of the control surfaces and volumes not only have differing
limits of integration but also have differing ranges of integra-
tion with respect to the s and ¢ (and global) coordinate frame.
Nevertheless, these considerations are also readily imple-
mented.

The internal heat flows involved in Eq. (11) are calculated
according to the general relation

0=-[ 7.as (12)

where the heat flux vector is given by

- aT . aT -
g=—k, ax i—k, % -j (13)
and the element of surface, dS is determined using Eq. (9).
The algebraic, calculus, and manipulation details necessary to
complete the representation of the energy balance equation
given by Eq. (11) are similar in every respect to those presented
in the earlier paper by Schneider and Zedan!? for the linear
quadrilateral element. The reader is referred to that paper in
which the derivation is presented for that element. The final
result, at eclement level for control volume 3, can be
represented in the form

9
Yok =% (14)
Jj=1
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where the coefficients and right hand side for control volume 3
are given by

e ~0.5 aN, ay a]\]j ax
5= = kx —_ky ad
B x ds d, sl l_gs

-0.5 aN. &8 .
e e,

-1 ox 61‘ y ay ot s

] 05 p-0s5
+E§_1 S_, pcN; IDet[J] 1dsdz 1s)

and by

-0.5 p—05
=] pipettdsar

—0.5

9
1 —0.5
+,_EI{E§_1 Sﬁ, pcN; IDet [J] ldsdz}zy

+ Qa3+ Qezs) (16}

In the above, the superscript e denotes that the indicated
terms have been evaluated from elemental consideration.
Equations similar to Eq. (14) can be written for the remaining
control volumes although the limits of the surface integration
and the corresponding sign of the integral will vary depending
on the particular control volume under consideration. Fur-
ther, the reader is reminded that Q, ;= Q;;,i#/, and that con-
siderable computational savings as well as a reduction in com-
plexity will result if heat flows are evaluated term by term with
an ensuing contribution addition to the terms representing the
control volume energy balance. It remains to assemble the ele-
ment stiffness matices to form the global system of equations
and to facilitate the implementation of boundary conditions.

Assembly Procedures
and Boundary Condition Application

The assembly rules and the mechanism for boundary condi-
tion implementation are also very closely aligned with those
employed for the linear quadrilateral element examined by
Schneider and Zedan.!® Within the interior of the domain, the
elementally external heat flows, Q,;; and Q,,; for example,
represent heat flows into the control volume from regions ex-
ternal to the element. It is recognized the adjacent internal
elements will contain similar terms at their boundaries and
that the sum of all heat flows at common boundaries must be
supplied externally. The assembly process then simply equates
their sum to the externally applied heat flow, and for con-
tinuum problems, this sum is set to zero. In practice, however,
this is accomplished by not considering their evaluation at all
within the interior. This procedure applies for all interior ele-
ment boundaries irrespective of whether the associated control
volume is a corner volume or a midsize volume. For the cen-
tral volume, control volume 9, these external heat flows never
appear in the formulation.

The assembly procedure then results in the accumulation of
adjacent subcontrol volumes into larger volumes over which
the actual energy balance is being affected. Figure 4 indicates
the three control volume types which result due to the
assembly of corner or midside control volumes, or simply to
the unaffected central control volume. At element boundaries,
however, the conservation constraint is applied to the subcon-
trol volumes directly with the help of boundary condition ap-
plication considered below. This accumulation of subcontrol
volumes into larger control volumes is analogous to the ‘do-
main of influence’ resulting from the assembly of conven-
tional finite elements. Indeed, the extent of the domain of in-
fluence for the control-volume-based formulation is less than
that of the conventional formulation wherein an overlapping
of adjacent domains of influence occurs.
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Fig. 4 Three different effective control volumes resulting from the
assembly process.

For element subcontrol volumes which lie on a physical
boundary of the domain, the above cancellation of externally
applied heat flows does not occur. However, it is precisely
those heat flows which do not cancel which provide the
mechanism for boundary condition implementation. The
boundary condition which is considered is the general convec-
tive condition given by

k 2L nr=c an
" on B

which, through appropriate selection of the constants h and C,
can be used to describe a Neumann boundary condition and a
Dirichlet boundary condition as well as the actual convective
boundary condition. Again the procedure is entirely
analogous to that employed for the linear quadrilateral by
Schneider and Zedan'? and for the details of the derivation the
reader is referred to that paper. After application of boundary
conditions, the equation representing an energy balance for
control volume 3 can be written as

9
Y ks =1t (18)
j=1
where
~05 [ 3N, ay N, dx
(2 N )
3 ~1 Y ax ds Y 3y os 1:0A5S
—0.5 ) N.
+S I:k)( —aNI‘_ay My ° . ale a
-1 ax ot ay 0t J g5

] ~0.5 -0.5
+“ATL1 Sl pcN; [Det[J] ldsdt+SS3 ANS;  (19)

-05 p—05
rgzg , S . p |Det[J] |dsdt

+

9
j=

] 05 05
{—S S pcN; IDet [ J] Idsdt} T+ S cds
7 VAL -1 —1 S3

(20)

where the surface integrals are evaluated only when the sur-
face coincides with the physical domain boundary and for all
surfaces on the domain boundary. It is noted, consistent with
conventional finite element formulations, that an adiabatic
boundary condition is effected by default if no action is taken
regarding the above exterior integrals. Thus, the ‘natural’
boundary condition remains an adiabatic condition. All in-
tegrations were evaluated numerically using a sufficiently high
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order quadrature that, on the basis of quadrature order
studies, the integrations were exact to six significant digits.
It is common practice to examine the numerical molecule
that results from the assembly of elements having a common
node. However, in the case of the nine-noded quadratic
quadrilateral, two complications arise. First, there are three
different molecules that result from the assembly of the three
different types of subcontrol volume: the corner, midside, and
central subcontrol volumes. Second, the connectivity is exten-
sive, particulary for the corner, with 25 temperatures involved
in general in the conservation equation. Thus a detailed
description of the resulting ‘numerical molecule’ will not be
provided. However, it is worthy of note that the central sub-
control volume has a connectivity of 9 and that its ‘numerical
molecule’ representation is highly accurate. Indeed, the
‘numerical molecule’ corresponding to this subcontrol volume
has a relative weighting for a regular mesh of 1.0 for the cor-
ner temperatures, 4.0 for side temperatures, and 20 for the
central temperature, for the case of steady-state, isotropic and
uniform conductivity, configuration. This molecule cor-
responds to the optimal, fourth order accurate representation
of the Laplacian.!? This is indeed a highly encouraging result.

Application to Test Problems

The nine-noded, quadratic, quadrilateral control-volume-
based formulation was coded and tested to validate the for-
mulation. On the basis of the success achieved with the linear
quadrilateral control volume formulation by Schneider and
Zedan,!? no difficulties were anticipated insofar as operation
of the procedure was concerned. The purpose of the testing,
therefore, is to provide a qualitative measure of the expected
performance of the nine-noded control volume formulation
when compared with that of the more conventional Galerkin
formulation.

Following code validation on various one-dimensional
problems, two specific test cases were examined as illustrated
in Fig. 5. The two test cases are both rectangular in domain
shape for ease in grid generation and, in the first case, for ease
of generation of an analytic solution for comparison.
However, the boundary condition specifications® of the two
test cases are quite different. In the first case, the upper sur-
face is convectively coupled to an ambient fluid through a film

coefficient with a portion of the lower surface exposed to a.

uniform flux application. The remaining domain boundary is
adiabatic. The second test case is subjected to a Dirichlet
boundary specification over the entire boundary. For each of
the two test cases, two parameter combinations were
employed with steady-state, zero source strength conditions
prevailing for both.

For the first case the geometric and thermal configuration is
illustrated in Fig. Sa, with the specific parameters employed
for the two configurations of this test case presented in Table
1. The analytical solution for this problem is available as
determined by Schneider, Yovanovich, and Cane.!¢ For con-
figuration one of test case 1, the maximum temperature error
of the conrol volume formulation was .27% while for the
Galerkin formulation the maximum temperature error was
0.33%. An rms error was also determined based on nodal
point errors. It is noted that the errors are normalized with
respect to the maximum range in temperature over the do-
main. The rms error for the control volume formulation was
0.11% while that for the Galerkin formulation was 0.10%.
Thus while the rms errors are effectively the same, the control
volume formulation provided a slightly lower maximum error.
The error at two different y locations is presented in Fig. 6. It
is seen from this figure that, at both y=0.0 and y=10.05, the
error distributions of the two formulations are very similar.
However, it is observed that the oscillations resulting in the
vicinity of the region of flux application are more pronounced
for the Galerkin formulation. Even at y=0.05, i.e. half-way
across the thickness, the Galerkin formulation retains signifi-
cant oscillations while the control volume formulation has a
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Fig. 5 Two test cases used for evaluation of procedure.
Table 1 Test case 1 parameters
Elements
Configuration a b c h Tf (x*y)
1 0.2 1.0 0.1 1.0 0.0 10x5
2 0.5 1.0 1.0 o 0.0 6%x6

more smoothly varying error distribution. Nevertheless, it can
be concluded that the performance of the two formulations
are very similar for this configuration. The second configura-
tion of test case 1, with parameters as presented in Table 1,
supports this observation producing a maximum and rms er-
ror of 0.156 and 0.0312% for the control volume formulation,
and 0.132 and 0.0179%, respectively, for the Galerkin for-
mulation. For this type of problem specification, therefore,
the two formulations have very similar performance
characteristics, and, as witnessed by the high accuracy for the
relatively crude meshes employed, both demonstrate very
good performance.

The second test case, that having Dirichlet conditions
specified over the entire boundary, produced dramatically dif-
ferent results in a comparative sense. Again two specific con-
figurations were examined and the appropriate parameters are
presented in Table 2. The temperature distributions indicated
in Table 2 were selected since they inherently satisfy Laplace’s
equation. Further, the horizontal variation is such that in con-
figuration one a smooth sinusoidal variation is observed start-
ing at 0 at x=0.0 and having its only maximum at the right
hand boundary where x=w/2. The second configuration
again begins at 0 at x=0.0, but peaks at x= /2. The vertical
domain extent is from y=0 to y =fn2.

For this second test case, the control volume formulations
yield highly superior results. For configuration one, for exam-
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Fig. 6 Error distribution comparison for test case 1.

~ Table 2 Test case 2 parameters

Elements
Configuration Temperature specification (x*y)
1 T=sinxe’ 4x4
T=sin2xe? 4x4

ple, the Galerkin formulation resulted in maximum and rms
errors of 0.697 and 0.151%, respectively. Conversely, using
the control volume formulation, the corresponding maximum
and rms errors were 0.002 and 0.00072%! Such a high ac-
curacy is indeed surprising since the computations were
themselves performed in single precision on an IBM 4341 in-
stallation. The analytic values, however, were computed in
full double precision. The error distribution for test case 2,
configuration one, is presented in Fig. 7, where the abscissa
represents distance along the diagonal from (0,0) to (a/2, i
2). On the scale of the figure, the control volume error is
essentially a straight line having effectively zero error. Con-
versely, while the Galerkin formulation yields acceptable
results in the central region, both ends demonstrate an in-
crease in error. Indeed, relative to the control volume error
distribution, the Galerkin formulation error distribution ex-
hibits large oscillations near location (w/2, fn2). For this case
the improvement in maximum error using the control volume
formulation is a factor of 348 while the improvement in the
rms error is a factor of 209. These results are supported by the
second configuration of test case 2. For this case, the Galerkin
formulation yielded a maximum and rms error of 2.8 and
0.55%, respectively, while the control volume formulation
yielded a maximum and rms error of 0.03 and 0.012%,
respectively.

It appears, then, that while the control volume and Galerkin
formulations yield comparable performance for the predom-
inantly flux specified problem, the control formulation offers
a dramatic improvement in performance for the Dirichlet
specified problem.

J. SPACECRAFT

06
DIAGONAL
04 —— GALERKIN
—~ [T =~-CONTROL VOLUME
32
S
S o2
ac
w -
o] =
-0l
L | - | | " 1 L
{0,0} (w72, 2)
— X,y

Fig. 7 Error distribution comparison for test case 2.

Discussion and Conclusions

A control volume finite element formulation has been
presented for the nine-noded, guadratic, quadrilateral finite
element for the modelling of diffusion problems. The motiva-
tion for examining the control volume formulation for the
nine-noded element has been fourfold. First, it was deemed
important to gain additional experience with control volume
formulations in a finite element environment since this con-
cept is relatively new. Secondly, it is desirable to expand the
repertoire of control volume finite elements available to the
analyst, particularly since the nine-noded element offers con-
siderable potential for enhanced geometric description and for
improved accuracy .over the linear quadrilateral. Thirdly, it
was important to acquire additional quantitative data relative
to the performance of control-volume-based finite element
formulations. Finally, this work represents the continuation
of an effort to form a marriage between the finite element and
finite difference methods, wherein the more desirable features
of both methods coexist in their union.

It was demonstrated that the procedures involved in extend-
ing the control volume formulation to the nine-noded element
follow naturally from the concepts advanced in the original
linear quadrilateral element. The only constraint employed in
the quadratic case was the use of nine nodes, instead of the
eight-noded quadratic element, and this constraint was in-
troduced primarily for reasons of convenience in defining con-
trol volume configurations. The fact that the original concepts
for a control volume formulation can be so readily adapted to
other element configurations is a significant conclusion of this
work.

The performance of the nine-noded, quadratic, quadri-
lateral control-volume-based finite element formulation was
evaluated by application to two test problems, for each of
which two configurations were examined. It was observed
that, although for the predominantly flux prescribed problem
the performance of the control volume formulation and of the
Galerkin formulation were essentially identical, the Dirichlet
problem resulted in a drastic improvement of the control
volume formulation over the Galerkin formulation. Reduc-
tions in error in the temperature field, on both a maximum
and rms basis, of two orders of magnitude were observed.
Aside from the computational advantages resulting from the
procedure, of course, there is the direct benefit that conserva-
tion is guaranteed, both locally and globally.
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